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Abstract
Given a ﬁnite set of places S; we provide techniques to explicitly construct extensions of the
rational function ﬁeld over a non-prime ﬁnite ﬁeld of constants in which all places in S split
completely. Our techniques do not rely on class ﬁeld theory. We then explore connections to
the theory of function ﬁelds with many rational places for their genus.
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1. Introduction
Let S be a set of places of the rational function ﬁeld over a ﬁnite ﬁeld of constants.
How does one explicitly construct extensions of the rational function ﬁeld in which
all places in S split completely?
The usual technique to produce extensions with prescribed splitting behaviour is
class ﬁeld theory. It is instructive to examine this technique for the rational numbers
Q: Every abelian extension of Q in which the primes p1;y; pk split completely is
a subﬁeld of the cyclotomic ﬁelds QðznÞ for some n prime to p1;y; pk: This subﬁeld
is the ﬁxed ﬁeld of some subgroup of the Galois group of QðznÞ that contains
the images of p1;y; pk:
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For the rational function ﬁeld FqðtÞ; the analogous theory replaces the roots of
unity with the torsion points of the Carlitz module, which is the simplest example of
a Drinfeld module [6, Chapters 3, 4]. Using the Carlitz theory, for any non-constant
aAFqðtÞ; one can obtain Abelian extensions of FqðtÞ with Galois group G ¼
ðFqðtÞ=aÞn=Fnq in which the ramiﬁcation is restricted to the places containing a: In
order to split the places P1;y; Pk; we look at the quotients of G by the subgroups
generated by the uniformizers at P1;y; Pk: As an example, the extensions of FqðtÞ
ramiﬁed at a place having uniformizer U and splitting at places having uniformizers
U1;y; Uk has Galois group ðFqðtÞ=UÞn=Fnq=/U1;y; UkS: The order of this group
is usually difﬁcult to determine.
The work of Hayes has made this class ﬁeld theoretic construction for the rational
function ﬁeld [7] and for an arbitrary global function ﬁeld [8] explicit in the sense that
it is possible to write down a sequence of polynomials whose roots generate the
desired extension. However, a computer algebra package is required to usually
produce these relations, which can be quite complicated.
In light of the above, it would be desirable to have a technique that provides
extensions of the rational function ﬁeld with prescribed splitting without much
computation. In this paper, we provide such a technique. This allows us to easily
write down generators and relations for extensions of the rational function ﬁeld with
prescribed splitting. Our method employs a class of functions called ‘‘ðn; qÞ-quasi-
symmetric’’ functions [1,3] and requires no computation. We can choose the type of
ramiﬁcation—tame or wild—that occurs in the extension. We also have control over
the degree of the extension. This is particularly true in the case of wildly ramiﬁed
extensions, where we can choose the degree to be any power of the characteristic.
Consequently, these methods provide simple and constructive proofs for several
results that are usually proved using class ﬁeld theory.
We conclude the paper by exploring links to the theory of function ﬁelds with
many rational places for their genus.
2. Quasi-symmetric functions
Quasi-symmetric functions were introduced in [1,3]. For the sake of completeness,
we will include their description and main properties here.
Let R be an integral domain and %R its ﬁeld of fractions. Consider the polynomial
ring in n variables over R; given by R½X  ¼ R½x1; x2;y; xn: The symmetric group Sn
acts in a natural way on this ring by permuting the variables. In [1,2], we studied
the functions obtained by evaluating the ﬁxed points of this action at ðX Þ ¼
ðt;fðtÞ;y;fn1ðtÞÞ ¼ ðt; tq;y; tqn1Þ: We called these resulting functions in one
variable ðn; qÞ-symmetric.
Theorem 2.1. The algebra of ðn; qÞ-symmetric polynomials in RðTÞ is generated
over R by the ðn; qÞ-elementary symmetric polynomials fsn;iðTÞgni¼1 which are
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defined below.
sn;1ðTÞ ¼
X
0pjpn1
Tq
j
; sn;2ðTÞ ¼
X
jok
0pj;kpn1
Tq
j
Tq
k
;y;
sn;nðTÞ ¼ T1þqþ?þqn1 :
Proof. A proof for this statement follows immediately from the fundamental
theorem of symmetric polynomials in several variables and the deﬁnition of an ðn; qÞ-
symmetric polynomial. &
Next, we introduce ‘‘ðn; qÞ-quasi-symmetric’’ functions.
Deﬁnition 2.2. A polynomial fðX Þ in R½X  will be called quasi-symmetric if it is ﬁxed
by the cycle e ¼ ð1 2 y nÞASn: If e is allowed to act on %RðX Þ in the natural way, its
ﬁxed points will be called quasi-symmetric rational functions, or simply, quasi-
symmetric functions. These form a subﬁeld %RðX Þqs of %RðX Þ: For n42; there always
exist quasi-symmetric functions that are not symmetric.
Deﬁnition 2.3. We will evaluate the quasi-symmetric polynomials (resp. quasi-
symmetric functions) in %RðXÞ at ðXÞ ¼ ðt;fðtÞ;y;fn1ðtÞÞ ¼ ðt; tq;y; tqn1Þ: These
will be called ðn; qÞ-quasi-symmetric polynomials (resp. ðn; qÞ-quasi-symmetric
functions) in %RðtÞ:
Example 2.4. ðn ¼ 3Þ: A family of quasi-symmetric functions in three variables is
given by
fðx1; x2; x3Þ ¼ x1xi2 þ x2xi3 þ x3xi1:
Note that for ia0 or 1, these are not symmetric. The ð3; qÞ-quasi-symmetric
functions that one obtains by evaluating are given below
f ðtÞ ¼ fðt; tq; tq2Þ ¼ t1þiq þ tqþiq2 þ tq2þi:
Deﬁnition 2.5. A lift of f ðtÞAR½t is a polynomial fðXÞAR½X  such that
fðt; tq;y; tqn1Þ ¼ f ðtÞ:
Lemma 2.6. Let f ðtÞAR½t be ðn; qÞ-quasi-symmetric. Then,
f ðtqÞ ¼ f ðtÞmod ðtqn  tÞ:
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Proof. Let fðXÞ be a lift of f ðtÞ: Then fðXÞ is quasi-symmetric and fðXÞ ¼ fðeðX ÞÞ:
Evaluating fðX Þ at ðXÞ ¼ ðt; tq;y; tqn1Þ gives us fðt; tq;y; tqn1Þ ¼ f ðtÞ: Evaluating
fðeðXÞÞ at ðXÞ ¼ ðt; tq;y; tqn1Þ; we get
fðtq; tq2 ;y; tqn1 ; tÞ ¼ f ðtqÞmod ðtqn  tÞ:
This gives us the result. &
From now on, R will be a ﬁnite ﬁeld.
Theorem 2.7. Let f ðtÞAFqn ½t with degðf Þoqn: Then the following are equivalent:
(i) f ðtÞ is ðn; qÞ-quasi-symmetric,
(ii) f ðtqÞ ¼ f ðtÞmod ðtqn  tÞ;
(iii) f ðgqÞ ¼ f ðgÞ; 8gAFqn :
Proof. (i) ) (ii) as in Lemma 2.6.
(ii) ) (i). Each monomial in f of degree d; with doqn has a unique lift xd11 yxdnn ;
where dioq; 1pipn and dndn1yd1 is the base q representation of d:
Then the lift of f is just the sum of the lifts of each of its monomials. Now deﬁne
fqðtÞ as the unique polynomial of degree less than qn which is congruent to f ðtqÞ
modulo ðtqn  tÞ:
Now note that the lift of fq is just the cyclic shift in the variables of the lift of f : But
by hypothesis, f ðtÞ ¼ fqðtÞ and thus the lift of f must be invariant under a cyclic shift
(i.e., under the action of e), and thus is quasi-symmetric. It then follows that f ðtÞ is
ðn; qÞ-quasi-symmetric.
(ii)3 (iii) is straightforward. &
Corollary 2.8. For a polynomial f ðtÞAFq½t with degðf Þoqn; the following are
equivalent:
(i) f ðtÞ is ðn; qÞ-quasi-symmetric,
(ii) f ðFqnÞCFq:
Corollary 2.9. Let f be any function from Fqn to Fqn that satisfies f ðtqÞ ¼ f ðtÞ: Then
f jFqn ¼ gðtÞ; where gðtÞ is a ðn; qÞ-quasi-symmetric polynomial with degðgÞoqn:
Proof. By Lagrange interpolation, we can ﬁnd a polynomial gðtÞ in Fqn ½t that agrees
with f on Fqn : Thus, gðgqÞ ¼ gðgÞ; 8gAFqn : Now from Theorem 2.7, it follows that
gðtÞ is ðn; qÞ-quasi-symmetric. &
Thus, we may use the terms ðn; qÞ-quasi-symmetric function and ðn; qÞ-quasi-
symmetric polynomial interchangeably when the context allows.
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Deﬁnition 2.10. Let Uqs denote the Fqn -vector space of ðn; qÞ-quasi-symmetric
functions from Fqn to Fqn ; and VqsCUqs denote the Fq-space of all functions
fAUqs such that f jFqn ¼ gðtÞjFqn for some gðtÞAFq½t: Thus, Vqs consists of ðn; qÞ-
quasi-symmetric functions having a polynomial representation with coefﬁcients
in Fq:
Lemma 2.11. Any Fq-linearly independent subset ffiðtÞg1pipr in Vqs is also a
Fqn -linearly independent subset in Vqs:
Proof. Let u1f1ðtÞ þ?þ urfrðtÞ ¼ 0; uiAFqn : Now express the ui asP
aijwj; aijAFq; w1;y; wn a Fq-basis for Fqn ; then
PðP aijfiðtÞÞwj ¼ 0 and since
fiðuÞAFq; uAFqn ; it follows that
P
aijfiðtÞ ¼ 0 and hence aij ¼ 0: &
Deﬁnition 2.12. Let O denote the set of orbits for the action of GalðFqn=FqÞ on Fqn :
We note that Uqs consists of functions from Fqn to Fqn which are constant on each
orbit in O: Vqs consists of functions from Fqn to Fq that are constant on these orbits.
Lemma 2.13. Let fAVqs; then there is a unique polynomial representation gðtÞAFq½t;
of degree oqn; such that f jFqn ¼ gðtÞ:
Proof. Choose a polynomial representation gðtÞ of f with degree less than qn:
Recall that f denotes the action of raising to the qth power. Deﬁne fðgðtÞÞq
as the unique polynomial of degree less than qn which is congruent to fðgðtÞÞ
modulo ðtqn  tÞ: Since fAVqs; we must have gðtÞ;fðgðtÞÞq agree on Fqn : Therefore,
they must be equal as their degree is less than qn (for if they were not, then the
polynomial gðtÞ  fðgðtÞÞq would have more zeros than its degree). Thus, the
coefﬁcients of gðtÞ are ﬁxed by the Galois group and must lie in Fq: Uniqueness
follows similarly. &
When there is no scope for confusion, we will say that a polynomial is in Vqs to
mean that it is the representative of a function in Vqs:
Now we examine the dimensions of Uqs and Vqs:
Theorem 2.14. Uqs and Vqs have dimension jOj as vector spaces over Fqn and Fq;
respectively.
Proof. Consider the set of functions ffig1pipjOj; where fi is a function that is 1 on the
ith orbit and 0 on all others. Then this set is linearly independent over Fqn (resp. FqÞ;
and it spans Uqs (resp. Vqs). &
Proposition 2.15. There exist ðn; qÞ-quasi-symmetric polynomials in FqnðtÞ that induce
non-constant functions on Fqn and have no zeros in Fqn :
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Proof. A ðn; qÞ-quasi-symmetric polynomial is determined completely on Fqn
by the values it takes on the orbits of GalðFqn=FqÞ: We may choose to give
it any values on these orbits; in particular, we may choose to give it non-zero
values. &
We now discuss some ways to actually construct such functions. We ﬁrst
consider a type of construction that we call the ‘‘composition with irreducibles’’
construction.
Lemma 2.16. Let iðtÞ be a polynomial of degree d1 over Fq that has no roots in Fq: In
particular, we may choose iðtÞ to be irreducible over Fq: Let sðtÞAVqs be a ðn; qÞ-quasi-
symmetric polynomial of degree d2: Then the following hold:
(i) iðsðtÞÞ is ðn; qÞ-quasi-symmetric, and maps Fqn to Fq;
(ii) iðsðtÞÞ has no zeros in Fqn :
Proof. For (i), note that sðtÞ maps Fqn to Fq: Now since the coefﬁcients of
iðtÞ are from Fq; we get the result. For (ii), assume the contrary, i.e., let there be
aAFqn s.t f ðsðaÞÞ ¼ 0: Then we have that sðaÞ is a zero of iðtÞ: But sðaÞAFq; since
sðtÞAVqs: This would then give us a zero of iðtÞ in Fq; contradicting the
hypothesis. &
The resulting polynomial obtained by this composition would have degree
equal to d1d2: Since there exist irreducibles of any arbitrary degree 41 over Fq; we
can now construct ðn; qÞ-quasi-symmetric polynomials that map Fqn to Fq having
degree equal to any multiple of a ðn; qÞ-quasi-symmetric function in Vqs; and without
a zero in Fqn :
A useful form of this construction is given below.
Corollary 2.17. Let sðtÞAVqs be a ðn; qÞ-quasi-symmetric polynomial. Then the
polynomial f ðtÞ ¼ sðtÞm  b; where bAFq is not a mth power in Fq; is ðn; qÞ-quasi-
symmetric, maps Fqn to Fq; and has no zeros in Fqn :
3. Explicit constructions
We ﬁrst ﬁx the following notation. Let F ¼ ðF1; F2;yÞ be a tower of function
ﬁelds where F1 ¼ Fqnðx1Þ and for iX1; Fiþ1 ¼ Fiðxiþ1Þ where xiþ1 satisﬁes an
irreducible equation over Fi:
For a positive integer m; let Qmni denote the subﬁeld of Fi comprising ðmn; qÞ-
quasi-symmetric functions in xi having Fq coefﬁcients and Q
mn
i;*
denote functions in
Qmni which have no zeros in Fqn :
Finally, let Tn1 and N
n
1 denote the Trace and Norm polynomials from Fqn to Fq:
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3.1. Explicit towers
Given a positive integer m; we provide the basic explicit additive and multiplicative
constructions in which each place of degree d dividing m splits completely at every
stage of the tower. The following theorem describes the additive construction.
Theorem 3.1. Let F ¼ ðF1; F2;yÞ where F1 ¼ Fqnðx1Þ and for iX1; Fiþ1 ¼ Fiðxiþ1Þ
where xiþ1 satisfies an irreducible equation
Tn1 ðxiþ1Þ ¼
giðxiÞ
hiðxiÞ ð3:1Þ
such that
(i) giðxiÞAQmni ; hiðxiÞAQmni;* ;
(ii) degðgiðxiÞÞpdegðhiðxiÞÞ:
Then, each place of F1 of degree d dividing m splits completely at each step of the
tower.
Proof. Consider Eq. (3.1) over the residue ﬁeld of a ﬁnite place of degree d
dividing m: Because g and h are ðmn; qÞ-quasi-symmetric, the right-hand side has
residue class in Fq: On the other hand, every element in Fq has q
n1 pre-images
under the Trace map Tn1 : Thus Eq. (3.1) splits into linear factors over the residue
ﬁeld at each place of degree d dividing m: It follows from Kummer’s theorem
[11, Theorem III.3.7] that each such place splits completely in the extension
Fiþ1=Fi for all iX1: Furthermore, condition (ii) ensures that the class of the
right-hand side in the residue ﬁeld at the inﬁnite place is zero and once again
the reasoning above ensures that the place splits completely at each step of the
tower. &
Remark 3.2
(i) Consider the tower of Theorem 3.1. Let a place of Fi be ramiﬁed in Fiþ1: By
Artin–Schreier theory, it is totally ramiﬁed in Fiþ1: However, the unique place
in Fiþ1 that lies above it is unramiﬁed in the extension Fiþ2=Fiþ1: Thus,
ramiﬁcation at a place cannot ‘‘continue’’ up the tower.
(ii) Consider the special case where g ¼ 1 and h ¼ fiðTmn1 ðxiÞÞ; with fi being
an irreducible polynomial over Fq for all i: Let a place of Fi be ramiﬁed in
Fiþ1: Then, the place in Fiþ1 that lies above it splits completely at each
subsequent step of the tower. Also, in this case, if m ¼ 1; then the tower is
Abelian.
(iii) If in the above construction we let degðgiðxiÞÞ4degðhiðxiÞÞ; then each ﬁnite
place of F1 having degree d dividing m splits completely at all steps of the
tower. Further, we can ensure that the pole of xi at the unique place lying above
PN in Fi remains simple for iX1 by letting degðgiðxiÞÞ ¼ degðhiðxiÞÞ þ 1:
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Example 3.3. Let k be a positive integer coprime to q: Suppose that aAFq=Fkq : Now
let g ¼ 1 and h ¼ ðTmn1 Þk  a in Eq. (3.1). Let P be a place of F1 such that
vP½ðTmn1 Þkðx1Þ  a ¼ 1: Then PðiÞ; which is the unique place of Fi that divides P
continues to be a simple pole of xi for iX2; ensuring the irreducibility of the deﬁning
equation at each stage of the tower.
Next we describe the multiplicative construction.
Theorem 3.4. Let F ¼ ðF1; F2;yÞ where F1 ¼ Fqnðx1Þ and for iX1; Fiþ1 ¼ Fiðxiþ1Þ
where xiþ1 satisfies an irreducible equation
Nn1 ðxiþ1Þ ¼
giðxiÞ
hiðxiÞ; ð3:2Þ
where
(i) Both giðxiÞ and hiðxiÞ are in Qmni;* ;
(ii) degðgiðxiÞÞ ¼ degðhiðxiÞÞ:
Then each place of degree d dividing m splits completely at every step of the
tower.
Proof. For iX1; the right-hand side is integral at each place in Fi having degree d
dividing m: Furthermore, since gi; hi have no zeros in Fqn and are ðmn; qÞ-quasi-
symmetric, its class in the residue ﬁeld is in Fnq : Thus, every such place in Fi splits
completely in Fiþ1: &
Example 3.5. Let k be a positive integer coprime to q: Let both a and b be in Fq=Fkq :
Let gi ¼ ðTmn1 Þk  a and hi ¼ ðTmn1 Þk  b in Eq. (3.2).
3.2. Explicit subcovers
We provide an explicit description of the subcovers of extensions obtained using
additive polynomials.
Theorem 3.6. Let F ¼ FqnðxÞ; where q ¼ pm: Let r ¼ mðn  1Þ: Suppose that E ¼
FðyÞ; where y satisfies an irreducible equation
Tn1 ðyÞ ¼ f ðxÞ:
Let fb1;y; brg be a basis for GalðE=FÞ as a Fp vector space.
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(i) Let Ej be the fixed field of the Fp-subspace generated by fb1; b2;y; brjg: Then,
Ej ¼ Fðy1; y2;y; yjÞ; where y1; y2;y; yr ¼ y satisfy
yp  Bp1r y ¼ yr1;
y
p
r1  Bp1r1yr1 ¼ yr2;
^ ^
y
p
1  Bp11 y1 ¼ f ðxÞ;
where
br;j ¼ brjþ1; Br ¼ br;r;
br1;j ¼ bpr;j  Bp1r br;j ; Br1 ¼ br1;r1;
^ ^ ^
b1;j ¼ bp2;j  Bp12 b2;j; B1 ¼ b1;1:
(ii) F ¼ E0CE1C?CEr ¼ E; and for 0pipr  1; Eiþ1=Ei is Galois of degree p:
Proof. Set Gr1 to be the Fp-span of b1 and Er1 to be its ﬁxed ﬁeld. Then, the
automorphisms of Er=Er1 are given by y-y þ ab1; with aAFp: Thus we have that
Y
aAFp
y  ab1 ¼ bp1
Y
aAFp
y
b1
 a ¼ yp  bp11 y ¼ yr1:
Now, we set Gr2 to be the Fp-span of fb1; b2g; and iterate this procedure for
Er1=Er2; keeping in mind that the automorphism of E=F given by y-y þ b2;
when pulled down to an automorphism of Er1=Er2; is given by yr1-yr1 þ bp2 
b
p1
1 b2: By similarly setting G
rj; jX2 to be the Fp-span of fb1; b2;y; bjg; and pulling
down the appropriate automorphisms of E=F to those of Erjþ1=Erj we get the
other deﬁning equations. Statement (ii) is just the fundamental theorem of Galois
theory when the Galois group is an elementary Abelian group of exponent p; as it is
in this case. &
4. Results on extensions with prescribed splitting
As stated earlier, class ﬁeld theory is the tool most used to produce extensions of
the rational function ﬁeld with prescribed splitting. Using class ﬁeld theory, we can
show the following: For any function ﬁeld F in one variable over a ﬁnite constant
ﬁeld, and any ﬁnite set S of places in F ; and for any positive integer n; there are
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inﬁnitely many abelian extensions of F having degree n in which all places in S split
completely.
In this section, we observe that several cases of this statement are proved by the
explicit constructions of the previous section.
Let K be a non-prime ﬁnite ﬁeld of characteristic p and S be a ﬁnite set of places in
F ¼ KðxÞ: Let l be a positive integer. Then the results below follow immediately
from Theorems 3.1, 3.4 and 3.6. The ﬁeld of constants in E in each of the theorems
below is K :
Theorem 4.1. There exist infinitely many pairwise non-isomorphic extensions E of F
where
(i) E is purely wildly ramified,
(ii) ½E : F  ¼ pl ;
(iii) All places in S split completely in E:
Proof. Follows from Theorem 3.1 by letting m be the least common divisor of the
degrees of all places in S: &
Theorem 4.2. There exist infinitely many pairwise non-isomorphic extensions E of F
where
(i) E is tamely ramified,
(ii) ½E : F   1 mod p and is arbitrarily large,
(iii) All places in S split completely in E:
Proof. Follows from Theorem 3.4 by letting m be the least common divisor of the
degrees of all places in S: &
The proofs above are constructive. Notice that explicit constructions of the
p-power subcovers in each of these theorems is provided by Theorem 3.6.
5. Number of rational places versus genus
In this section we will examine possible applications of the techniques discussed
above to the theory of function ﬁelds with many rational places for their genus.
5.1. Additive constructions
Let f ðxÞAFqn ½x: In the deﬁnitions below, a ‘‘term’’ in f ðxÞmeans a monomial with
non-zero coefﬁcient.
Deﬁnition 5.1. A term in f ðxÞ is called a coprime term if its degree is coprime to p:
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Deﬁnition 5.2. A coprime term of degree d in f ðxÞ is called totally coprime if f ðxÞ has
no terms of degree dpi for i40:
Deﬁnition 5.3. The coprime degree of f ðxÞ is deﬁned as the degree of the largest
totally coprime term in f ðxÞ if f ðxÞ has totally coprime terms, and zero if f ðxÞ has no
totally coprime terms. The coprime degree of f ðxÞ is denoted by copðf Þ:
Lemma 5.4. Let f ðxÞAFqn ½x be ðn; qÞ-quasi-symmetric. If the coprime degree of f ðxÞ
is positive, then it is at least qn1 þ 1:
Proof. Let xk with koqn1 þ 1 be the coprime term. Since k cannot be qn1; it must
be qn1  1 or less. Now since f ðxÞ is ðn; qÞ-quasi-symmetric, it is closed under taking
qth powers and reducing modulo xq
n  x: But then f ðxÞ must contain a term of
degree kq which is less than qn: Then by the deﬁnition of coprime degree, the coprime
degree of f ðxÞ could not have been k; giving a contradiction. &
Corollary 5.5. Let f ðxÞAFqn ½x be ðn; qÞ-quasi-symmetric. If copðf Þ40; then
copðf ÞXcopðsn;2Þ:
We will need a theorem [2, Theorem 3.3] to compute the initial sequence of
ramiﬁcation groups in additive extensions. We state it without proof.
Theorem 5.6. Let K be a subfield of Fp; not necessarily proper, and let f ðxÞAK ½x:
Suppose that V is a finite subgroup of the additive group of K and let aV ðTÞ :¼Q
vAV ðT  vÞ: Let E be the extension of KðxÞ obtained by adjoining a root y of an
irreducible polynomial aV ðTÞ  f ðxÞ:
(i) E=KðxÞ is Galois with Galois group G ¼ fy-y þ vgvAV :
(ii) The only ramified place of KðxÞ is the infinite place PN; which is totally ramified
in E:
(iii) If QN is the unique place of E that lies above PN; then the filtration of
ramification groups relative to QN contains the initial sequence
G ¼ G0 ¼ G1 ¼? ¼ Gcopðf Þ:
Theorem 5.7. Let f ðxÞ be a ðn; qÞ-quasi-symmetric polynomial having positive coprime
degree. Then of all the extensions of FqnðxÞ given by an irreducible equation of the form
yq
n1 þ yqn2 þ?þ y ¼ f ðxÞ;
the lowest genus is achieved when f ðxÞ ¼ sn;2ðxÞ:
Proof. Follows from Corollary 5.5 and Theorem 5.6. &
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Notice that in all the extensions described in the theorem above, all ﬁnite rational
places split completely and the inﬁnite place ramiﬁes totally, giving q2n1 þ 1 rational
places in the extension.
Our constructions are of Artin–Schreier type or Kummer type and their genera
can be determined using techniques from these theorems in several cases. On the
other hand, computing the genus of a class ﬁeld theoretic extension of the form given
by Eq. (5.2) requires determining the order of the quotient in Eq. (5.2) for all lps
and then using the conductor-discrimininant formula. This is difﬁcult even for the
simplest case where the inﬁnite place is ramiﬁed and all other rational places are
split. To the best of our knowledge, this is the only case for which a formula appears
in literature [10].
5.2. The ratio N=g
Let F=K be an algebraic function ﬁeld. The ratio N=g of the function ﬁeld
determines the rate of a Goppa code that can be constructed using it. More precisely,
let the divisor D be the sum of all rational places in F and G be a divisor in F disjoint
from E: Suppose that 2g  2odegðGÞoN: Then the rate of the Goppa code
CLðD; GÞ is given by
degðGÞ þ 1
N
 g
N
:
All known upper bounds on NðEÞ yield upper bounds on NðEÞ=gðEÞ which are
decreasing functions of gðEÞ; suggesting that the ﬁelds with largest ratio NðEÞ=gðEÞ
will be ﬁelds of low genus. We observe that under the hypothesis satisﬁed by several
of the extensions constructed in this paper (as well as several class ﬁeld theoretic
constructions in literature), the ratio N=g is a decreasing function of the degree of the
extension.
Theorem 5.8. Let K ¼ Fpn : Let E be a Galois extension of KðxÞ having degree d: Let
r and s be positive integers such that:
(i) There are exactly r ramified rational places, each totally ramified. All the non-
rational places are unramified.
(ii) The sequence of ramification groups at each ramified place is
G0 ¼ G1 ¼? ¼ Gs;
Gsþ1 ¼ f0g:
(iii) All the remaining pn þ 1 r rational places split completely.
Then the ratio NðEÞ=gðEÞ is a decreasing function of d:
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Proof. The number of rational places in E is given by
NðEÞ ¼ dðpn þ 1 rÞ þ r:
The Hurwitz-genus formula gives us the following expression for the genus of E
gðEÞ ¼ 1 d þ ðd  1Þðs þ 1Þr
2
¼ ðd  1Þðrðs þ 1Þ  2Þ
2
:
Since gðEÞ is positive, it follows that ðrðs þ 1Þ  2Þ40:
The ratio NðEÞ=gðEÞ is given by
NðEÞ
gðEÞ ¼
2dðpn þ 1 rÞ þ 2r
ðd  1Þðrðs þ 1Þ  2Þ:
Differentiating with respect to d; we get
NðEÞ
gðEÞ
 0
¼ ð4 2rðs þ 1ÞÞðp
n þ 1Þ
½ðd  1Þðrðs þ 1Þ  2Þ2: ð5:1Þ
Since we know that ðrðs þ 1Þ  2Þ40; it follows that the numerator of the right-
hand side of Eq. (5.1) is non-positive. This establishes the result. &
In light of this observation, we can expect higher N=g ratios by looking at
subextensions with identical jumps in the sequence of ramiﬁcation groups. Thus,
presented with a function ﬁeld and its subﬁelds, it follows that the highest rate
Goppa code will correspond to the smallest subﬁeld.
This implies that ray class ﬁeld extensions of the rational function ﬁeld have lower
N=g ratios than other Abelian extensions having identical jumps in their sequence of
ramiﬁcation groups and ramiﬁed at the same places. We will demonstrate this by an
example where the set S of places to be split completely consists of all the ﬁnite
rational places.
Example 5.9. Let F ¼ Fq3ðxÞ: Suppose that b is an element in Fq3 whose trace in Fq is
zero. Consider the function ﬁeld E1 ¼ Fðy1Þ; where y1 satisﬁes
y
q
1 þ ð1þ bq
2qÞy1 ¼ xq2þq þ xq2þ1 þ xqþ1:
This is a subcover of the function ﬁeld E ¼ FðyÞ where y satisﬁes
yq
2 þ yq þ y ¼ xq2þq þ xq2þ1 þ xqþ1:
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For q ¼ 2; gðE1Þ ¼ 2 and N1ðE1Þ ¼ 17: Let G ¼ GalðE1=FÞ: Then the ﬁltration of
ramiﬁcation groups at P0N is
G ¼ G0 ¼ G1 ¼? ¼ G5;
G6 ¼ f0g:
For q ¼ 2; E1 has degree 2, NðE1Þ ¼ 17 and gðE1Þ ¼ 2 giving a ratio of
NðE1Þ=gðE1Þ ¼ 8:5; while E has degree 4, NðEÞ ¼ 33 and gðEÞ ¼ 6 giving a ratio
of NðEÞ=gðEÞ ¼ 5:5:
Now consider [9, Example 8], which is a ray class ﬁeld of conductor 4PN: It is a
function ﬁeld over F8 with an identical sequence of ramiﬁcation groups. It has degree
8; N ¼ 65 and genus g ¼ 14: Thus, the ratio N=g ¼ 4:64; which is lower than either
of the two constructions given above.
We now discuss the issue of subextensions a little further. The fairly simple explicit
description of subextensions in our constructions relies heavily on the additivity of
the extension. Theorem 5.8 then tells us that it is these subextensions that have better
N=g ratios than the original extensions.
In class ﬁeld theoretic descriptions, the situation is somewhat more complicated.
There exists a positive integer s0 such that class ﬁeld theoretic descriptions of the
form
ðFqðtÞ=UsÞn=Fnq=/U1;y; UkS; ð5:2Þ
where the conductor is s; are not of exponent p (and certainly not additive) for s4s0:
Indeed, constructions for s4s0 tend to have better N=g ratios. So even though
subextensions of every p power degree exist for the ray class ﬁeld constructions (since
the Galois group is a p-group), they will be more difﬁcult to describe. As far as we
know, this has not been done in literature.
We should add that a higher N=g ratio does not necessarily mean that the function
ﬁeld does better in terms of rational places among other function ﬁelds of its genus.
Again, to demonstrate this, we return to Example 5.9 where the function ﬁeld E1 is a
subcover of E having identical jumps in the sequence of ramiﬁcation groups. Thus,
NðE1Þ=gðE1Þ4NðEÞ=gðEÞ: But for q ¼ 2; while E attains the Oesterle´ bound on the
number of rational places for its genus, E1 falls one short of the Oesterle´ bound for
its genus.
Remark 5.10. A result of Garcia and Stichtenoth [5] shows that towers of function
ﬁelds generated by iterated equations that have non-equal degrees in the variables
have N=g ratios that tend to zero. This immediately shows that most of the towers
constructed in Section 3.1 asymptotically bad as far as their N=g ratios. There are a
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few exceptions, such as the one obtained by iterating
sn;1ðxiþ1Þ ¼ sn;nðxiÞ
sn;2ðxiÞ:
This tower, for the case of n ¼ 2 is the Garcia-Stichtenoth tower of [4] and attains the
Drinfeld–Vladut bound. In the case of n42 however, the tower is asymptotically bad
as can be easily seen by observing that no rational place in Fqnðx1Þ splits completely
throughout this tower.
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